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Abstract
In this study, we consider one-dimensional (1D) quantum spin sys-
tems with translation and discrete symmetries (spin reversal, space
inversion and time reversal symmetries). By combining the continu-
ous U(1) symmetry with the discrete symmetries and using the ex-
tended Lieb-Schultz-Mattis theorem [1][2], we investigate the relation
between the ground states, energy spectra and symmetries. For half-
integer spin cases, we generalize the dimer and Ne´el concepts using the
discrete symmetries, and we can reconcile the LSM theorem with the
dimer or Ne´el states, since there was a subtle dilemma. Furthermore,
a part of discrete symmetries is enough to classify possible phases.
Thus we can deepen our understanding of the relation between the
LSM theorem and discrete symmetries.
1 Introduction
In many body quantum systems, it is important to investigate energy spectra,
that is, whether gapless or gapped, or the degeneracy of ground states. The
structure of energy spectra is related with other physical properties, such as
the symmetry breaking. Therefore, in nonrelativistic many body quantum
systems, general and rigorous theorems remain important. The Lieb-Schultz-
Mattis (LSM) theorem [1] is one of them.
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Historically, Lieb, Schultz and Mattis treated the S = 1/2 XXZ spin
chain, and they showed there exists a low energy O(1/L) (L: system size)
excited state above the ground state. Affleck and Lieb [3] studied general
spin S and SU(N) symmetric cases, and showed the same result as the LSM
theorem for half-integer S. In addition, they considered the relation between
the space inversion and the spin reversal symmetries. Independently, using
the twisted boundary condition, Kolb [4] showed, for half-integer spin chains,
the nontrivial periodicity of the wave number q → q+pi of the lowest energy
dispersion in the zero magnetization subspace. And he discussed the conti-
nuity of the energy dispersion for q. One limitation of the traditional LSM
theorem [1, 3, 5] is the assumption of the unique ground state (or the unique
lowest energy state in the fixed magnetization subspace) for the finite system,
which is violated in several cases with frustrations (Majumdar-Ghosh model
[6, 7] and the incommensurate region). We have separated the proof process
of the LSM theorem from the assumption of the unique ground state [2].
In our previous paper, we proved that the lowest energy spectrum is a
continuous function of the wave number q for the irrational magnetization,
and the nontrivial periodicity of q for the rational magnetization (the latter
statement is a generalization of [5]). Here we mean “rational magnetization”,
to be the case where the magnetization per site is a relatively simple rational
number in the thermodynamic limit:
lim
L→∞
SzT
L
=
m
n
(L: system size, SzT ≡
∑
j S
z
j , m and n are coprimes), and “irrational mag-
netization” otherwise. Thus, there are two possibilities: in the first case,
the energy spectrum is continuous with q, so it doesn’t have an energy gap
(see Fig.1 (a)); secondly, an energy gap exists between the ground state and
continuous excited states (see Fig 1 (b)).
In a half-integer spin chain with U(1) symmetry at zero magnetization,
when the energy spectrum is gapless (case (a)), the low energy modes are at
q = 0, pi. When the energy spectrum is gapped (case (b)), several possibilities
can be considered as the ground states. One candidate is the dimer state:
|Ψdimer〉 ≡ [1, 2][3, 4] . . . [L− 1, L], [i, i+ 1] = 1√
2
(| ↑〉i| ↓〉i+1 − | ↓〉i| ↑〉i+1),
and a counterpart produced from the translation by one site. Another one
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Figure 1: Example of energy spectra:cases (a),(b). Left side bar is side view
of spectrum expressing energy distribution.
is the Ne´el state:
|ΨNe´el〉 ≡ | ↑1↓2↑3 . . . ↓L〉
and its counterpart. From these states, we can construct the q = 0, pi wave
number states. The q = 0 states for both cases have a common feature of
the discrete symmetries (spin reversal, space inversion and time reversal),
whereas at q = pi the Ne´el-like state has different discrete symmetries from
those of the dimer-like state.
On the other hand, the LSM-type variational state at q = pi contains both
Ne´el-like (see Eq. (34)) and the dimer-like (see Eq. (33))components. This
suggests that both states should be always degenerate with the q = 0 ground
state, which seems unnatural. In fact, in the Majumdar-Ghosh model, only
the dimer-like state at q = pi is degenerate with the q = 0 ground state [6, 7].
In this study, considering the discrete symmetries, we will show that the
normalization is important to resolve this dilemma. Furthermore, we show
that a part of the discrete symmetries is enough to distinguish the Ne´el-
like and dimer-like states, and for the normalization discussion. One of the
interesting applications is the magnetic plateau [5], to classify the possible
phases.
The layout of this paper is as follows. In Sect. 2, we define the symmetries
(rotation, space inversion, translation and time reversal) and relating oper-
ators, then we discuss the symmetry properties of the Ne´el or dimer states.
Section 3 is a review of the LSM theorem and twisting operators. In Sect. 4,
we construct several states with wave number q = pi by acting the twisting
operator to the q = 0 ground state, then we study the discrete symmetries
of the constructed q = pi states. When U(1) symmetry holds, these q = pi
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states have the O(1/L) low energy from the LSM theorem. Section 5 is our
main result; we will explain why some of the q = pi states do not have to
satisfy the LSM inequality, considering the normalization of the states. In
Sect. 6, we show that a part of discrete symmetries is enough for the above
arguments. And we apply our result to several examples (S = 1/2 NNN
XXZ chain, spin ladder, spin tube and distorted diamond chain) in Sect. 7.
In Sect. 8, we discuss symmetric properties of the ground state with system
sizes L = 4n, 4n+ 2, 2n+ 1. Section 9 is a summary and discussion.
2 Symmetries and operators
In this section, we explain the symmetries and the operators of the many
body system. As an example, we treat a 1D spin system:
Hˆ =
L∑
j=1
L/2∑
r=1
Jx(r)Sˆ
x
j Sˆ
x
j+r + Jy(r)Sˆ
y
j Sˆ
y
j+r + Jz(r)Sˆ
z
j Sˆ
z
j+r, (1)
where (Sˆj)
2 = S(S + 1). In addition, the system has a periodic boundary
condition (Sˆx,y,zL+j = Sˆ
x,y,z
j ) and the system size L is 4n(n:integer).
2.1 Rotational operator
We define rotational operators around the x, y, z axes:
Uˆxθ ≡ exp (−iθSˆxT ), SˆxT ≡
L∑
j=1
Sˆxj , (2)
Uˆyθ ≡ exp (−iθSˆyT ), SˆyT ≡
L∑
j=1
Sˆyj , (3)
Uˆzθ ≡ exp (−iθSˆzT ), SˆzT ≡
L∑
j=1
Sˆzj . (4)
We can calculate, e.g.,
(Uˆxθ )
†Sˆyk Uˆ
x
θ = Sˆ
y
k + iθ[Sˆ
x
T , Sˆ
y
k ] +
1
2!
(iθ)2 [SˆxT , [Sˆ
x
T , Sˆ
y
k ]] + · · ·
= cos (θ)Sˆyk − sin (θ)Sˆzk . (5)
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2.2 Spin reversal operators
In spin rotational operators, the θ = pi case (spin reversal operator) is im-
portant. Since (Uˆzpi)
2 = exp(−2piiSˆzT ) = 1, the eigenvalue of Uˆzpi is ±1
(because the eigenvalue of SˆzT is integer for even L). In the same way,
(Uˆxpi )
2 = (Uˆypi )
2 = 1.
2.3 Space inversion operators
We define two kinds of space inversion operators; site inversion (inversion on
the lattice site), and link inversion (inversion on the link):
(site inversion) : Pˆ †siteSˆ
x,y,z
j Pˆsite = Sˆ
x,y,z
L−j , (6)
(link inversion) : Pˆ †
link
Sˆx,y,zj Pˆlink = Sˆ
x,y,z
L−j+1, (7)
where Pˆ †siteSˆ
x,y,z
L Pˆsite = Sˆ
x,y,z
L and Pˆ
†
siteSˆ
x,y,z
L/2 Pˆsite = Sˆ
x,y,z
L/2 .
Since Pˆ 2site = Pˆ
2
link = 1ˆ, the eigenvalues of space inversions are ±1.
2.4 Translation operator
We define the translation operator by one site as
Uˆ †
trl
Sˆx,y,zj Uˆtrl = Sˆ
x,y,z
j+1 , (8)
and the wave number q as the eigenvalue of the translation operator:
Uˆtrl|SzT ; q〉 = eiq|SzT ; q〉. (9)
The wave number q is periodic as q → q + 2pi (Brillouin zone).
2.5 Time reversal operator
We introduce the time reversal operator Kˆ, which has the following proper-
ties: for spin operators
Kˆ†SˆKˆ = −Sˆ, (10)
and it is an antilinear operator, i.e., for a complex number c
Kˆ†cKˆ = c∗. (11)
The operator Kˆ commutes with the rotation, space inversion, and translation
operators; however, it does not commute with the twisting operator (see
Appendix C).
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2.6 Ground state properties
It is natural to assume that at least one of the ground states |Ψg〉 has the
following symmetry properties:
Uˆtrl|Ψg〉 = |Ψg〉, Pˆsite|Ψg〉 = Pˆlink|Ψg〉 = |Ψg〉,
Uˆypi |Ψg〉 = Uˆzpi |Ψg〉 = |Ψg〉, Kˆ|Ψg〉 = |Ψg〉 (12)
(furthermore in the case of U(1) symmetry around the z-axis, we assume
SˆzT |Ψg〉 = 0). More precisely on the above statement, we consider that there
are a finite number of energy eigenstates in a range of O(1/L) above the
lowest energy, and the state with symmetry eigenvalues (12) is contained in
them.
For nonfrustrated cases, these symmetries (12) for the ground state can
be proven by the Marshall-Lieb-Mattis (MLM) theorem with system size
L = 4n (see Sect. 8). Even in the frustrated case the above statement may
remain valid, e.g., one of the ground states of the Majumdar-Ghosh model
satisfies (12).
The state |Ψg〉 is normalized as 〈Ψg|Ψg〉 = 1.
2.7 Symmetries and eigenvalues of dimer and Ne´el states
In this subsection, we consider the symmetry properties of the Ne´el state or
the dimer state. First, we check the symmetry eigenvalues of q = 0 states
|ΨNe´el1〉+ |ΨNe´el2〉 (13)
|Ψdimer1〉+ |Ψdimer2〉 (14)
where
|ΨNe´el1〉 ≡ | ↑1↓2↑3 . . . ↓L〉, |ΨNe´el2〉 ≡ | ↓1↑2↓3 . . . ↑L〉, (15)
and
|Ψdimer1〉 ≡ [1, 2][3, 4] . . . [L− 1, L], |Ψdimer2〉 ≡ [2, 3][4, 5] . . . [L, 1],
[i, i+ 1] =
1√
2
(↑i↓i+1 − ↓i↑i+1). (16)
Both Eq. (13) and Eq. (14) have Pˆsite = 1, Pˆlink = 1, Uˆ
y
pi = 1, Kˆ = 1.
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On the contrary, the q = pi states, constructed from the dimer or the Ne´el
states, have different symmetry eigenvalues, so we can distinguish these two
states. The Ne´el-like state
|ΨNe´el−like〉 ≡ |ΨNe´el1〉 − |ΨNe´el2〉 (17)
has eigenvalues q = pi, Pˆsite = 1, Pˆlink = −1, Uˆypi = −1, Kˆ = −1. In contrast,
dimer-like state
|Ψdimer−like〉 ≡ |Ψdimer1〉 − |Ψdimer2〉 (18)
has eigenvalues q = pi, Pˆsite = −1, Pˆlink = 1, Uˆypi = 1, Kˆ = 1.
In this subsection we have discussed the symmetries of particular cases
Eq. (15) and Eq. (16). In the following, we will generalize these symmetry
consideration, for wide models, Eq. (1), and quasi 1D spin systems, etc.
3 The LSM theorem
In this section we review the LSM theorem. The assumptions of the LSM
theorem are U(1) symmetry, translational symmetry and short-range inter-
action. For the Hamiltonian (1) it means Jx(r) = Jy(r) ∝ exp (−r/ξ).
In [2] we have proven the following inequality:
E(SzT , q +
2pi
L
SzT + 2piS) + E(S
z
T , q −
2pi
L
SzT + 2piS)− 2E(SzT , q)
≤ 〈SzT ; q|(Uˆ tw2pi )†HˆUˆ tw2pi + (Uˆ tw−2pi)†HˆUˆ tw−2pi − 2Hˆ|SzT ; q〉 ≤ O(1/L), (19)
where Uˆ tw2pil (l: integer) are the twisting operators given by
Uˆ tw2pil ≡ exp
(
−2piil
L
L∑
j=1
j(Sˆzj − S)
)
, (20)
and E(SzT ; q) is one of the lowest energies in the S
z
T ; q subspace. We intro-
duced the phase factor exp(2piil
L
S
∑L
j=1 j) in Eq. (20), which was absent in the
original twisting operator in[1, 3], in order to avoid cumbersome treatments
of the edge term exp(2piilSˆz1), appearing from the translation operation on
the original twisting operator (see also Eq. (115) in Appendix B).
One result of the extended LSM theorem[2] is that if the magnetization
is irrational, then the energy spectra must be continuous for q. Secondly, by
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using Eq. (19) and the squeezing technique, we get the next inequality for
spin S half-integer:
|E(SzT = 0; q)− E(SzT = 0; q + pi)| ≤ O(1/L). (21)
3.1 Space inversion, spin reversal, and the twisting op-
erator
For the site space inversion, spin reversal and the twisting operator, there
are the relations [2, 3]
PˆsiteUˆ
tw
2pil = Uˆ
tw
−2pilPˆsite, (22)
Uˆypi Uˆ
tw
2pil = (−1)2SlUˆ tw−2pilUˆypi . (23)
However, in the link space inversion operation on the twisting operator
Uˆ tw2pil,
PˆlinkUˆ
tw
2pilPˆlink = exp
(
−2piil
L
(
SˆzT − SL
))
Uˆ tw−2pil, (24)
the prefactor may be confusing with the translation operation on Uˆ tw2pil (see
Appendix B). Therefore, we introduce another twisting operator Uˆ twl2pil as [11]
Uˆ twl2pil ≡ exp
(
−2piil
L
L∑
j=1
(
j − 1
2
)
(Sˆzj − S)
)
, (l : integer) (25)
and then we obtain
PˆlinkUˆ
twl
2pil = Uˆ
twl
−2pilPˆlink, (26)
Uˆypi Uˆ
twl
2pil = Uˆ
twl
−2pilUˆ
y
pi . (27)
Combining these relations, below two equations are proven[3, 2]:
(PˆsiteUˆ
y
pi )Uˆ
tw
2pil = (−1)2SlUˆ tw2pil(PˆsiteUˆypi ), (28)
(PˆlinkUˆ
y
pi )Uˆ
twl
2pil = Uˆ
twl
2pil(PˆlinkUˆ
y
pi ). (29)
Usually, the relation between Uˆ tw2pil and Uˆ
twl
2pil is not simple, however for the
SzT=0 case it becomes
Uˆ twl2pil |SzT = 0〉 = exp
(
piil
L
(SˆzT − SL)
)
Uˆ tw2pil|SzT = 0〉
= (−i)2SlUˆ tw2pil|SzT = 0〉. (30)
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4 Discrete symmetries and the LSM theorem
4.1 Set of the spin reversal operators’ eigenvalues
We consider the Hamiltonian with spin reversal symmetries ([Uˆxpi , Hˆ] = [Uˆ
y
pi , Hˆ] =
[Uˆzpi , Hˆ ] = 0) like Eq. (1). In this case, one can choose a simultaneous eigen-
state for the Hamiltonian and spin reversal operators. There is another
restriction for the spin reversal operators (see Appendix A):
Uˆxpi Uˆ
y
pi Uˆ
z
pi = 1. (31)
Therefore, the set of spin reversal eigenvalues should be
(Uˆxpi , Uˆ
y
pi , Uˆ
z
pi) = (1, 1, 1), (−1,−1, 1), (−1, 1,−1), (1,−1,−1). (32)
In fact, since the spin reversal operators Uˆxpi , Uˆ
y
pi , Uˆ
z
pi satisfy (Uˆ
x
pi )
2 = (Uˆypi )
2 =
(Uˆzpi)
2 = 1ˆ and Eq. (31), the set {1ˆ, Uˆxpi , Uˆypi , Uˆzpi} form the Klein four-group,
which is isomorphic to the Z2 × Z2 group.
4.2 Expression of the states with wave number q = pi
by twisting operators
In this subsection, by using the twisting operators, we construct the spin
reversal eigenstates. In the subspace q = pi, we consider the four states
i
2
(Uˆ tw2pi − Uˆ tw−2pi)|Ψg〉 ≡ |ΨDL〉, (33)
1
2
(Uˆ tw2pi + Uˆ
tw
−2pi)|Ψg〉 ≡ |ΨNL〉, (34)
1
2
(Uˆxpi/2 + Uˆ
x
−pi/2)|ΨNL〉 ≡ |ΨDB1〉, (35)
1
2
(Uˆypi/2 + Uˆ
y
−pi/2)|ΨNL〉 ≡ |ΨDB2〉, (36)
where the phase factors are determined so that the matrix components of
the states become real under the Sˆzj diagonal representation.
At first, we can calculate the spin reversal eigenvalues of |ΨDL〉 as (1, 1, 1)
and |ΨNL〉 as (−1,−1, 1), by using Eqs. (23) and (31) and [SˆzT , Uˆ tw2pil] = 0.
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Next, using the relation (Uˆxpi/2)
†Uˆypi Uˆ
x
pi/2 = (Uˆ
z
pi)
† = Uˆzpi and Eq.(34), we
can derive the eigenvalue of Uˆypi for the state |ΨDB1〉 from the calculation
Uˆypi Uˆ
x
pi/2|ΨNL〉 = Uˆxpi/2Uˆzpi |ΨNL〉 = Uˆxpi/2|ΨNL〉. (37)
Similarly, using the relations (Uˆxpi/2)
†Uˆzpi Uˆ
x
pi/2 = Uˆ
y
pi , (Uˆ
x
pi/2)
†Uˆxpi Uˆ
x
pi/2 = Uˆ
x
pi , the
state |ΨDB1〉 has eigenvalues (Uˆxpi , Uˆypi , Uˆzpi) = (−1, 1,−1).
In summary, the four states (33) - (36) have the following eigenvalues:
Uˆxpi |ΨDL〉 = |ΨDL〉, Uˆypi |ΨDL〉 = |ΨDL〉, Uˆzpi |ΨDL〉 = |ΨDL〉, (38)
Uˆxpi |ΨNL〉 = −|ΨNL〉, Uˆypi |ΨNL〉 = −|ΨNL〉, Uˆzpi |ΨNL〉 = |ΨNL〉, (39)
Uˆxpi |ΨDB1〉 = −|ΨDB1〉, Uˆypi |ΨDB1〉 = |ΨDB1〉, Uˆzpi |ΨDB1〉 = −|ΨDB1〉, (40)
Uˆxpi |ΨDB2〉 = |ΨDB2〉, Uˆypi |ΨDB2〉 = −|ΨDB2〉, Uˆzpi |ΨDB2〉 = −|ΨDB2〉. (41)
4.3 Discrete symmetries of the DL and NL states
In this subsection, we discuss the space inversion and time reversal symme-
tries of these states.
First, we consider |ΨDL〉 of Eq. (33). By using Eqs. (22) - (27) and (30),
we obtain
Pˆsite|ΨDL〉 = −|ΨDL〉, (42)
Pˆlink|ΨDL〉 = |ΨDL〉. (43)
For the time reversal symmetry, by using properties (10), (11), and Uˆ tw2pilKˆ =
(−1)2SlKˆUˆ tw2pil (see Appendix C), for half-integer S, we obtain
Kˆ|ΨDL〉 = |ΨDL〉. (44)
Therefore, |ΨDL〉 corresponds to |Ψdimer−like〉 of Eq. (18).
Similarly, by using Eqs. (22) - (27) and (30), we show the state |ΨNL〉 of
Eq. (34) satisfies the relations below in half-integer spin:
Pˆsite|ΨNL〉 = |ΨNL〉, (45)
Pˆlink|ΨNL〉 = −|ΨNL〉, (46)
Kˆ|ΨNL〉 = −|ΨNL〉. (47)
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Therefore, |ΨNL〉 corresponds to |ΨNe´el−like〉 of Eq.(17).
The rest of the q = pi states, i.e. |ΨDB1,DB2〉, have the symmetries
Pˆsite|ΨDB1,DB2〉 = |ΨDB1,DB2〉, (48)
Pˆlink|ΨDB1,DB2〉 = −|ΨDB1,DB2〉, (49)
because of [Pˆsite,link, Uˆ
x
pi/2] = [Pˆsite,link, Uˆ
y
pi/2] = 0.
4.4 The q = pi states with U(1) symmetry
In the Hamiltonian with U(1) symmetry, the energy expectation for the state
(35) is equal to that for (36). Using (Uˆzpi/2)
†HˆUˆzpi/2 = Hˆ and the relationship
Uˆzpi/2Uˆ
x
pi/2(Uˆ
z
pi/2)
† = Uˆypi/2, we show
〈ΨDB1|Hˆ|ΨDB1〉 = 〈ΨNL|(Uˆxpi/2)†HˆUˆxpi/2|ΨNL〉
= 〈ΨNL|(Uˆxpi/2)†(Uˆzpi/2)†HˆUˆzpi/2Uˆxpi/2|ΨNL〉
= 〈ΨNL|(Uˆypi/2)†HˆUˆypi/2|ΨNL〉
= 〈ΨDB2|Hˆ|ΨDB2〉. (50)
Secondly, Eq. (40) (Uˆzpi |ΨDB1〉 = −|ΨDB1〉) means that the components
SzT 6= 0 (more strictly SzT odd) should be contained in the state |ΨDB1〉.
The same statement is valid for |ΨDB2〉. Therefore, from the extended LSM
theorem [2], these two states must be part of the continuous energy spectra
for the wave number q.
On the other hand, states (38) and (39) have the eigenvalue SˆzT = 0, and
therefore they may have an energy gap. Note that to satisfy Eq. (21), at
least one of the dimer-like state |ΨDL〉 and the Ne´el-like state |ΨNL〉 must be
degenerate with the ground states ( for more details, see Sect. 5).
4.5 The ground state with SU(2) symmetry
In the case of SU(2) symmetry, we can classify the four cases (32) as
singlet : (Uˆxpi , Uˆ
y
pi , Uˆ
z
pi) = (1, 1, 1) (51)
triplet : (Uˆxpi , Uˆ
y
pi , Uˆ
z
pi) = (−1,−1, 1), (−1, 1,−1), (1,−1,−1) (52)
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where the triplet states are degenerate in energy. This can be proven by
using a similar argument to Eq. (50).
It is proven that the triplet state has a continuous energy spectrum ver-
sus wave number by using extended LSM theorem. It means that only the
(Uˆxpi , Uˆ
y
pi , Uˆ
z
pi) = (1, 1, 1) state can have an energy gap.
In summary, there are two possibilities for energy spectra for the SU(2)
symmetric case. One is that the energy spectrum is gapless. The other
is that the energy gap exists between the dimer-like ground states and the
continuous energy spectra (i.e., the ground states are degenerate at q = 0, pi,
and the q = pi state must satisfy the relations (38), (42), (43), and (44)).
5 Normalization of the DL and NL states
As we have discussed in the previous section, the dimer-like state (33) and
Ne´el-like state (34) are expressed by twisting operators. By the way, the
states Uˆ tw±2pi|Ψg〉 have wave number q = pi, and the energy expectation value
of them is degenerate with the ground state in O(1/L) because of the LSM
theorem. So, one may think that both the dimer-like and the Ne´el-like states
should be always degenerate with the q = 0 ground state. However it seems
unnatural. The answer to this paradox is in the normalization of the states.
In fact, the dimer-like and Ne´el-like states are not normalized, although the
component operator is unitary. If the expectation of one of the states is zero
in the infinite limit (L → ∞), it may have an energy gap without breaking
the inequality of the LSM theorem.
NDL NNL GDL GNL
case1 Finite Finite 0 0
case2 1 0 0 May be gapped
case3 0 1 May be gapped 0
Table 1: Possible relations of the dimer-like energy GDL (55) and the Ne´el-
like energy GNL (56), and norms for dimer-like NDL (53) and Ne´el-like NNL
(54), in the infinite limit (L→∞).
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We classify these possibilities as in Table 1, where NDL, NNL are given by
NDL ≡ 〈ΨDL|ΨDL〉 ≥ 0, (53)
NNL ≡ 〈ΨNL|ΨNL〉 ≥ 0, (54)
and GDL and GNL are defined as
GDL ≡ N−1DL〈ΨDL|Hˆ|ΨDL〉 − 〈Ψg|Hˆ|Ψg〉, (55)
GNL ≡ N−1NL〈ΨNL|Hˆ|ΨNL〉 − 〈Ψg|Hˆ|Ψg〉. (56)
Then |ΨDL〉 and |ΨNL〉 are candidates of the ground state with q = pi. We
can distinguish these two states as
Pˆsite|ΨDL〉 = −|ΨDL〉, Pˆlink|ΨDL〉 = |ΨDL〉, Uˆypi |ΨDL〉 = |ΨDL〉, (57)
Pˆsite|ΨNL〉 = |ΨNL〉, Pˆlink|ΨNL〉 = −|ΨNL〉, Uˆypi |ΨNL〉 = −|ΨNL〉. (58)
Now, we will explain the reason for the classification in Table 1. Using
Eqs. (33) and (34), we obtain
|ΨNL〉 − i|ΨDL〉 = Uˆ tw2pi |Ψg〉, (59)
where the right-hand side of Eq. (59) is normalized (〈Ψg|(Uˆ tw2pi )†Uˆ tw2pi |Ψg〉 = 1).
Since Uˆypi |ΨDL〉 = |ΨDL〉 and Uˆypi |ΨNL〉 = −|ΨNL〉, the next relation is derived:
〈ΨDL|ΨNL〉 = 〈ΨDL|Uˆypi |ΨNL〉 = −〈ΨDL|ΨNL〉 = 0. (60)
Therefore the norm of the left-hand side of Eq. (59) is
(〈ΨNL|+ i〈ΨDL|)(|ΨNL〉 − i|ΨDL〉) = NDL +NNL = 1. (61)
Next, because of extended LSM theorem [2], next inequality is satisfied:
|〈Ψg|(Uˆ tw2pi )†HˆUˆ tw2pi − Hˆ|Ψg〉| ≤ O(1/L). (62)
Since
〈ΨNL|Hˆ|ΨDL〉 = 0, (63)
we obtain
〈Ψg|(Uˆ tw2pi )†HˆUˆ tw2pi |Ψg〉 = 〈ΨNL|Hˆ|ΨNL〉+ 〈ΨDL|Hˆ|ΨDL〉. (64)
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By using Eq. (55)×NDL+ Eq.(56)×NNL, Eqs. (61) and (64), then Eq. (62)
is expressed as
|NDLGDL +NNLGNL| ≤ O(1/L). (65)
By Eq. (65), we can prove Table 1.
Finally, in this section we have used the symmetric property of the Hamil-
tonian only at Eqs. (62) and (63). For Eq. (62), the U(1) and the translation
symmetries of the Hamiltonian are required. For Eq. (63), the discrete sym-
metries are required.
6 Partial discrete symmetry
In the previous sections, in addition to the translational and U(1) symme-
tries, we have assumed the full discrete symmetries, i.e., spin reversal and
space inversion and time reversal symmetries. However, as we will discuss in
this section, with a part of the discrete symmetries (spin reversal or space
inversion or time reversal), some of the results, including Table 1 in Sect. 5,
hold.
6.1 Spin reversal symmetry only
We consider the interaction with spin reversal symmetry, whereas space in-
version symmetry and time reversal symmetry are broken: [Hˆ, Uˆypi ] = 0 but
[Hˆ, Pˆ ] 6= 0, [Hˆ, Kˆ] 6= 0. An example is
HˆDM =
∑
j
Sj · (Sj+1 × Sj+2). (66)
In this case, one of the ground states should have the properties
Uˆypi |Ψg〉 = Uˆzpi |Ψg〉 = |Ψg〉, SˆzT |Ψg〉 = 0, (67)
whereas Pˆ |Ψg〉 and Kˆ|Ψg〉 are not well defined. Although there is the pos-
sibility of a nonzero wave number q 6= 0 ground state, the wave number of
|ΨDL〉 or |ΨNL〉 is different from that of the |Ψg〉, and therefore 〈ΨDL|Ψg〉 =
〈ΨNL|Ψg〉 = 0.
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Using the spin reversal symmetry, one can distinguish the dimer-like state
|ΨDL〉 and the Ne´el-like state |ΨNL〉:
Uˆypi |ΨDL〉 = |ΨDL〉, Uˆypi |ΨNL〉 = −|ΨNL〉. (68)
Since [Hˆ, Uˆypi ] = 0, we show
〈ΨNL|Hˆ|ΨDL〉 = 0. (69)
Therefore, we can obtain the same result as Table 1.
6.2 Space inversion symmetry only
Next we consider the case with space inversion symmetry, whereas the spin
reversal symmetry and time reversal symmetry are broken, i.e., [Hˆ, Pˆ ] = 0
but [Hˆ, Uˆypi ] 6= 0, [Hˆ, Kˆ] 6= 0.
In this case, one of the ground states should have the properties
Uˆtrl|Ψg〉 = |Ψg〉, (70)
whereas Uˆypi |Ψg〉 and Kˆ|Ψg〉 are not well defined, which means the possibility
of a nonzero magnetization. About space inversions, we assume either
Pˆsite|Ψg〉 = |Ψg〉 (71)
or
Pˆlink|Ψg〉 = |Ψg〉. (72)
In Sect. 5, we saw that the q = 0, pi wave number states are important,
thus we consider the following rational magnetization cases:
SˆzT |Ψg〉 =
(
S − m
2n
)
L|Ψg〉 (73)
(m,n are integers such that m and 2n are coprime, independent of L), where
the lowest spectrum has q → q + pi/n nontrivial periodicity:
|E(SzT ; q)− E(SzT ; q + pi/n)| ≤ O(1/L). (74)
In this case, from the next relation (see Appendix B),
UˆtrlUˆ
tw
±2pin|Ψg〉 = −Uˆ tw±2pin|Ψg〉, (75)
the states Uˆ tw±2pin|Ψg〉 have wave number q = pi. Note that the system size L
must satisfy the condition that L/(2n) is integer.
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6.2.1 Site space inversion symmetry
In the [Hˆ, Pˆsite] = 0 case, we should redefine states (33) and (34) as
i
2
(Uˆ tw2pin − Uˆ tw−2pin)|Ψg〉 ≡ |ΨDL′〉, (76)
1
2
(Uˆ tw2pin + Uˆ
tw
−2pin)|Ψg〉 ≡ |ΨNL′〉. (77)
Using the site space inversion symmetry, one can distinguish the dimer-
like state |ΨDL′〉 and the Ne´el-like state |ΨNL′〉:
Pˆsite|ΨDL′〉 = −|ΨDL′〉, Pˆsite|ΨNL′〉 = |ΨNL′〉. (78)
Since [Hˆ, Pˆsite] = 0, we show
〈ΨNL′|Hˆ|ΨDL′〉 = 0. (79)
Therefore, we can obtain the same result as Table 1.
6.2.2 Link space inversion symmetry
In the [Hˆ, Pˆlink] = 0 case, we should redefine states (33) and (34) as
1
2
(Uˆ twl2pin + Uˆ
twl
−2pin)|Ψg〉 ≡ |ΨDL′′〉, (80)
i
2
(Uˆ twl2pin − Uˆ twl−2pin)|Ψg〉 ≡ |ΨNL′′〉. (81)
Using the link space inversion symmetry, one can distinguish the dimer-
like state |ΨDL′′〉 and the Ne´el-like state |ΨNL′′〉:
Pˆlink|ΨDL′′〉 = |ΨDL′′〉, Pˆlink|ΨNL′′〉 = −|ΨNL′′〉. (82)
Since [Hˆ, Pˆlink] = 0, we show
〈ΨNL′′ |Hˆ|ΨDL′′〉 = 0. (83)
Therefore, we can obtain the same result as Table 1.
Note that when there is spin reversal or time reversal symmetry, Eqs.
(80) and (81) satisfy
Uˆypi |ΨDL′′〉 = |ΨDL′′〉, Uˆypi |ΨNL′′〉 = −|ΨNL′′〉 (84)
or
Kˆ|ΨDL′′〉 = |ΨDL′′〉, Kˆ|ΨNL′′〉 = −|ΨNL′′〉. (85)
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6.3 Time reversal symmetry only
Finally we consider the interaction with time reversal symmetry, whereas the
space inversion symmetry and spin reversal symmetry are broken: [Hˆ, Kˆ] = 0
but [Hˆ, Pˆ ] 6= 0, [Hˆ, Uˆypi ] 6= 0. An example is
HˆDM =
∑
j
(Sj × Sj+1)z. (86)
In this case, one of the ground states should have the properties
Kˆ|Ψg〉 = |Ψg〉, SˆzT |Ψg〉 = 0, (87)
whereas Pˆ |Ψg〉 and Uˆypi |Ψg〉 are not well defined. Although there is a possibil-
ity of the q 6= 0 ground state, the wave number of |ΨDL〉 or |ΨNL〉 is different
from that of the |Ψg〉, and therefore 〈ΨDL|Ψg〉 = 〈ΨNL|Ψg〉 = 0.
Using the time reversal symmetry, one can distinguish the dimer-like state
|ΨDL〉 and the Ne´el-like state |ΨNL〉 as
Kˆ|ΨDL〉 = |ΨDL〉, Kˆ|ΨNL〉 = −|ΨNL〉. (88)
Since [Hˆ, Kˆ] = 0, we show
〈ΨNL|Hˆ|ΨDL〉 = 0. (89)
Therefore, we can obtain the same result as Table 1.
7 Examples
Since we have used symmetries except short-range interaction, we can apply
our consideration for various models.
7.1 S = 1/2 spin chain with next-nearest-neighbor in-
teraction
7.1.1 XXZ case
We consider the S = 1/2 XXZ spin chain with nearest- and next-nearest-
neighbor (NNN) interactions:
H = J1
(∑
j
Sˆxj Sˆ
x
j+1 + Sˆ
y
j Sˆ
y
j+1 +∆Sˆ
z
j Sˆ
z
j+1
)
+ J2
(∑
j
Sˆxj Sˆ
x
j+2 + Sˆ
y
j Sˆ
y
j+2 +∆Sˆ
z
j Sˆ
z
j+2
)
(90)
17
At J2 = 0, there is an exact solution by Bethe Ansatz, where ∆ ≤ 1 gapless,
and ∆ > 1 is the gapped Ne´el ordered phase. At J2/J1 = 1/2, this model
was solved by [6, 7] and [8], and it is known that the model has the twofold
degenerate dimer ground states as Eq. (16).
In the region (J1 > 0, J2/J1 ≤ 1/2, ∆ > 0) [9, 10] there are three phases:
the Ne´el, dimer and spin-fluid (XY) phases. The Ne´el phase corresponds to
case 3 of Table 1 in Sect. 5, the dimer phase corresponds to case 2, and
finally the spin-fluid phase corresponds to case 1 (where the doublet states
(SzT = ±1, q = pi, Pˆsite = 1, Pˆlink = −1) are the lowest energy excitation). The
Ne´el and dimer phases are gapped, whereas the spin-fluid phase is gapless.
About the phase boundary, between the Ne´el phase and the dimer phase
there is a second-order transition line (Gaussian line). The Gaussian line
is characterized by the energy level crossing of the Ne´el-like state (SzT =
0, q = pi, Uˆypi = −1, Pˆsite = 1, Pˆlink = −1, Kˆ = −1) and the dimer-like state
(SzT = 0, q = pi, Uˆ
y
pi = 1, Pˆsite = −1, Pˆlink = 1, Kˆ = 1).
The phase boundary between the spin-fluid phase and the Ne´el phase,
which lies on the ∆ = 1, J2/J1 ≤ 0.2411, and the phase boundary between
the spin-fluid and the dimer phases, are of the Berezinskii-Kosterlitz-Thouless
(BKT) type. The BKT phase boundaries are determined by the energy level
crossing of the doublet states and the Ne´el-like state, or the doublet states and
the dimer-like state (the level spectroscopy method, see [10] and [11] ). The
BKT multicritical point at ∆ = 1, J2/J1 = 0.2411 [12] is determined by the
energy level crossing of the triplet (the doublet states and the Ne´el-like state
) and the dimer-like state. In summary, the consideration on symmetries in
this work gives another support for the level spectroscopy, besides the field
theory and the renormalization.
In the region (J1 > 0, J2/J1 > 1/2, ∆ > 1) [13], there are the dimer
phase and the (2,2) antiphase (or up-up-down-down) state phase. In the
latter phase, there are the four ground states q = 0,±pi/2, pi, and above
them there is an energy gap. The phase transition between the dimer and
the (2,2) antiphase state phase is considered of the 2D Ising universality class.
7.1.2 Isotropic case
Next we consider the isotropic NNN chain, i.e., ∆ = 1 in Eq. (90).
In the region J1 < 0, J2/|J1| ≤ 1/4, there is a ferromagnetic phase.
In the region J1 > 0, J2/J1 ≤ 0.2411 [12], this model is gapless at the
wave number q = 0, pi, and the universality class is of a Tomonaga-Luttinger
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type. In the region J1 > 0, J2/J1 > 0.2411, there is a gapped phase with the
dimer-long range order.
At J1 = 0, J2 > 0, the model (90) becomes two decoupled spin chains,
thus it is gapless at the four wave numbers q = 0,±pi/2, pi.
In the region J1 < 0, J2/|J1| > 1/4 there has been controversial studies
into whether it is gapless or gapped. On the basis of the renormalization
group, it has been discussed that there should be a very small gap (or very
long correlation length) [14]. Finally, with careful numerical calculations, it
has been shown that this region is gapped and it is named the Haldane-dimer
phase[15].
Note that at the point J1 < 0, J2/|J1| = 1/4, the ground state of Eq. (90)
with ∆ = 1 highly degenerate[16], and there is an RVB-like state in them
[17].
7.2 Spin ladder model
Next, we consider the spin ladder model [18, 19] like Fig. 2. The Hamiltonian
Figure 2: Three leg spin ladder.
in this case is (by defining Hˆ i,jn,m ≡ Sˆn,iSˆm,j)
Hˆ =
N∑
n=1
[J1
2∑
i=1
Hˆ i,i+1n,n + J2Hˆ
1,3
n,n + J⊥1
3∑
i=1
Hˆ i,in,n+1
+J3
2∑
i=1
Hˆ i,i+1n,n+1 + J3
3∑
i=2
Hˆ i,i−1n,n+1
+J⊥2
3∑
i=1
Hˆ i,in,n+2], (91)
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where L is the system size of leg direction and 3 is the rung direction’s one.
In the S = 1/2 three-leg ladder case, we can obtain the same result for
the S half-integer spin chains: the energy spectrum is gapless or gapped with
dimer-like state. Generally speaking, we can apply our discussion to the half-
integer spin ladder with odd leg. (So, if we know a particular system has a
gap already, the system has the dimer-like state as the ground state.)
7.3 Spin tube model
The spin tube model (Fig. 3) with nearest-neighbor interaction may have
an energy gap, depending on parameters. This is similar to the previous
one, but there is a difference between the two cases in the interaction to the
rung direction[18, 19]. This lattice forms the C3v point group for the rung
direction.
Figure 3: Three leg spin tube.
The Hamiltonian is
Hˆ = J1
L∑
n=1
3∑
i=1
Hˆ i,i+1n,n + J⊥
L∑
n=1
3∑
i=1
Hˆ i,in,n+1. (92)
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7.4 Operator for the spin tube model and the spin
ladder model
Although the operators should be modified, we can apply our method to the
spin ladder and spin tube. The modifications are
Uˆxθ ≡ exp (−iθSˆxT ), SˆxT ≡
L∑
n=1
3∑
i=1
Sˆxn,i etc., (93)
Uˆ tw±2pi ≡ exp
(
∓2pii
L
L∑
n=1
3∑
i=1
j(Sˆzn,i − S)
)
, (94)
Pˆ †siteSˆ
x,y,z
n,i Pˆsite = Sˆ
x,y,z
N−n,i, (95)
Pˆ †
link
Sˆx,y,zn,i Pˆlink = Sˆ
x,y,z
N−n+1,i. (96)
In the half-integer spin ladder and spin tube system, by taking the rung direc-
tion’s 3 sites as a unit-cell, we can also say that the ground states are dimer-
like in the same way as the above 1D spin system. To sum up, the energy
spectrum is continuous (corresponding to the Ne´el-like state) or gapped (cor-
responding to the dimer-like state) in the spin ladder and spin tube as well as
the pure 1D spin system. Of course, the Ne´el-like state has Pˆsite = 1, Pˆlink =
−1 and dimer-like state has Uˆxpi = Uˆypi = Uˆzpi = 1, Pˆsite = −1, Pˆlink = 1 where
Uˆxpi , Pˆsite, Pˆlink are defined by Eqs. (93),(95), and (96).
We point out four suitable dimer-like states in Figs. 4 and 5, and cate-
gorize with these space inversion symmetry for rung direction.
Figure 4: Spin ladder dimer-like state. Space inversion is odd, where space
inversion is on the second site of the rung direction.
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Figure 5: Space inversion is even.
And its corresponding wave functions can be written; e.g., the left one of
Fig. 4 is expressed by
|Ψdimer,l1,r1〉+ |Ψdimer,l2,r1〉+ |Ψdimer,l1,r2〉+ |Ψdimer,l2,r2〉 : q = 0 (97)
|Ψdimer,l1,r1〉 − |Ψdimer,l2,r1〉+ |Ψdimer,l1,r2〉 − |Ψdimer,l2,r2〉 : q = pi (98)
where
|Ψdimer,l1,r1〉 ≡ [1, 1, 2][1, 3, 4] . . . [1, L− 1, L]
× {2, 3, 1}{2, 3, 2} . . .{2, 3, L} (99)
|Ψdimer,l2,r1〉 ≡ [1, 2, 3][1, 4, 5] . . . [1, L, 1]
× {2, 3, 1}{2, 3, 2} . . .{2, 3, L} (100)
|Ψdimer,l1,r2〉 ≡ [1, 1, 2][1, 3, 4] . . . [1, L− 1, L]
× {2, 1, 1}{2, 1, 2} . . .{2, 1, L} (101)
|Ψdimer,l2,r2〉 ≡ [1, 2, 3][1, 4, 5] . . . [1, L, 1]
× {2, 1, 1}{2, 1, 2} . . .{2, 1, L} (102)
[i, j, k] =
1√
2
(↑j,i↓k,i − ↓j,i↑k,i)
{i, j, k} = 1√
2
(↑k,i↓k,j − ↓k,i↑k,j)
Note
∏
k{i, j, k} always has Uˆypi = 1, Pˆsite = 1, Pˆlink = 1 as eigenvalues (this
space inversion is the leg direction’s one), so we can easily understand that
Eq. (98) has Uˆypi = 1, Pˆsite = −1, Pˆlink = 1 with the possibility of an energy
gap.
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7.5 Distorted diamond chain model
Our discussion can be also valid in a distorted diamond chain [20]. The
Hamiltonian is
Hˆ = J1
N/3∑
j=1
(Sˆ3j−1Sˆ3j + Sˆ3jSˆ3j+1) + J2
N/3∑
j=1
Sˆ3j+1Sˆ3j+2 + J3
N/3∑
j=1
(Sˆ3j−2Sˆ3j + Sˆ3jSˆ3j+2).
(103)
The diamond chain has 3 sites in unit-cell like the spin ladder and spin
tube. In addition, this model has space inversion symmetry. (K. Okamoto,
Shibaura Institute of Technology, private communicationy) Therefore, by the
same argument, the energy spectrum is gapless or gapped with dimer-like
state.
7.5.1 Magnetic plateaux
In a nonzero magnetic field, the symmetry of Eq. (103) becomes from SU(2)
to U(1). In the rational magnetization M = Ms/3, 2Ms/3 (Ms is the sat-
uration magnetization), it is reported that magnetization plateaux appear
[20], by using the level spectroscpoy and other methods. The BKT phase
transition at 2Ms/3 is a similar type as the S=1/2 NNN XXZ model, since
the discussion of Sect. 6.2 applies for the 2Ms/3 phase diagram.
8 Ground state symmetries and system size
8.1 System size L = 2n+ 1
In the case of SL half-integer (i.e., S half-integer and L odd), the rela-
tion of spin reversal operators becomes (Uˆxpi )
2 = (Uˆypi )
2 = (Uˆzpi)
2 = −1, and
Uˆxpi Uˆ
y
pi Uˆ
z
pi = −1. Therefore the sets {±1ˆ,±Uˆxpi ,±Uˆypi ,±Uˆzpi} form the quater-
nion group (see Appendix A). The time reversal operator has a similar rela-
tion Kˆ2 = −1. Thus, the algebraic structure of the SL half-integer case is
quite different from the SL integer case.
Since we did not use the periodic boundary condition in the process of
the derivation in Appendix A, we can apply Uˆxpi Uˆ
y
pi Uˆ
z
pi = −1 for the SL
half-integer case, or Uˆxpi Uˆ
y
pi Uˆ
z
pi = 1 for the SL integer case, also in the open
boundary condition.
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In the periodic boundary condition, we cannot distinguish the two types
of space inversion (site inversion and link inversion) in the odd sites system.
On the other hand, in the open boundary condition, only the site inversion
can be defined.
8.2 System size L = 4n, 4n+ 2
For the nonfrustrating case, by using an MLM-type discussion [21] [22], one
can prove that the ground state has q = 0, Uˆypi = 1, Pˆlink = Pˆsite = 1 in L = 4n,
and q = pi, Uˆypi = 1, Pˆlink = −1, Pˆsite = 1 in L = 4n + 2[23]. Therefore, for
L = 4n + 2, we should choose |Ψg〉 as Uˆtrl|Ψg〉 = −|Ψg〉, Uˆypi |Ψg〉 = Uˆzpi |Ψg〉 =
|Ψg〉, Pˆsite|Ψg〉 = |Ψg〉, Pˆlink|Ψg〉 = −|Ψg〉 instead of Eq. (12), but basically
our discussions for L = 4n are valid also in L = 4n+ 2.
9 Summary and discussions
In this paper we have investigated the system with discrete symmetries: spin
reversal, space inversion (link or site inversion), and time reversal symmetries.
And when the system has U(1) or SU(2) continuous symmetry, we can discuss
the low-lying states using the LSM theorem. In Sect. 4 we constructed four
states with the twisting operators, then confirmed the discrete symmetries
of them. Using the discrete symmetries, we classify the q = pi states into
the dimer-like, the Ne´el-like, or other states. Although superficially the LSM
theorem suggests both the dimer-like and the Ne´el-like states (q = pi) are
degenerate with the q = 0 state, we have solved this dilemma by considering
the normalization of the dimer-like and Ne´el-like states in Sect. 5, where
the relation of the normalization and the gap is summarized in Table 1. In
Sect. 6, we have shown that a part of the discrete symmetries, i.e., either
space inversion or spin reversal or time reversal, is enough for the above
arguments. Note that since the spin reversal or time reversal symmetry
means zero magnetization, then the space inversion symmetry is needed to
explain the magnetic plateau (see also the example in Sect. 7.5.1).
We mention the relation between the BKT type transition and the present
work. As we discussed in Sect. 7.1, the classification of Table 1 is closely
related with the BKT type transition. However, when the number of the
degenerate ground states is more than the minimum degeneracy expected
from the LSM theorem, such as the (2,2) antiphase state in Sect. 7.1, it is
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not necessarily related with the BKT type transition. Moreover one should
classify whether the doublet state is gapped or gapless, plus the classification
in Table 1.
There is caution on the statement that at least one of the ground states
satisfies Eq. (12) in Sect. 2.6. This statement may remain valid in the
frustrating regions with zero magnetization, including the Majumdar-Gosh
model. Generally, in the rational magnetization with space inversion symme-
try, a similar statement, at least one of the ground states satisfies Pˆ |Ψg〉 =
|Ψg〉 and q = 0, may be valid. However the above statement is violated for
the irrational magnetization with frustration when the incommensurability
occurs. For example, in the NNN XXZ model (90), the energy dispersion of
the one spin flip from the fully aligned state (SzT = SL − 1) is the double
well form when J1 > 0, J2/J1 > 1/4.
Finally, we comment on the symmetry protected topological phases (SPTP)
[24][25]. Between our work and SPTP, there is a similar point of view (dis-
tinguishing the states by space inversion, spin reversal, and time reversal
symmetry), however, some conditions are different (SPTP: integer spin, our
work: half-integer spin). Other differences are that SPTP theory treats only
the link inversion as the space inversion, whereas in our theory both the site
inversion and the link inversion are considered; in our theory the magnetic
plateaux in the rational magnetization have been treated.
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A Z2 × Z2 spin reversal symmetry
[Lemma 1 ]. For the SL integer case,
Uˆxpi Uˆ
y
pi Uˆ
z
pi = Uˆ
x
2pi = exp (−2piiSˆxT ) = 1. (104)
[Proof] According to Eq. (5),
(Uˆxpi/2)
†Sˆyk Uˆ
x
pi/2 = −Sˆzk . (105)
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Therefore, we obtain
(Uˆxpi/2)
†Uˆypi/2Uˆ
x
pi/2 = (Uˆ
x
pi/2)
†
[
∞∑
n=0
(−ipi/2)n
n!
(SyT )
n
]
Uˆxpi/2 = (Uˆ
z
pi/2)
†, (106)
or
Uˆypi/2Uˆ
x
pi/2 = Uˆ
x
pi/2(Uˆ
z
pi/2)
†. (107)
Similarly we get
Uˆypi/2Uˆ
z
pi/2 = Uˆ
x
pi/2Uˆ
y
pi/2 (108)
and
(Uˆzpi/2)
†Uˆypi/2Uˆ
z
pi/2 = Uˆ
x
pi/2. (109)
By using Eqs. (108),(107), and (109) one after another, we obtain the
product relation of spin reversal operators as
Uˆxpi Uˆ
y
pi Uˆ
z
pi = Uˆ
x
pi/2Uˆ
x
pi/2Uˆ
y
pi/2(Uˆ
y
pi/2Uˆ
z
pi/2)Uˆ
z
pi/2
= Uˆxpi/2Uˆ
x
pi/2(Uˆ
y
pi/2Uˆ
x
pi/2)Uˆ
y
pi/2Uˆ
z
pi/2
= Uˆxpi/2Uˆ
x
pi/2Uˆ
x
pi/2[(Uˆ
z
pi/2)
†Uˆypi/2Uˆ
z
pi/2]
= Uˆxpi/2Uˆ
x
pi/2Uˆ
x
pi/2Uˆ
x
pi/2
= Uˆx2pi. (110)
Finally, since the eigenvalue of SˆxT is integer for SL:integer, we can prove
Uˆxpi Uˆ
y
pi Uˆ
z
pi = Uˆ
x
2pi = exp (−2piiSˆxT ) = 1. (111)
[Remarks]
(I) These spin reversal operators Uˆxpi , Uˆ
y
pi , Uˆ
z
pi satisfy (Uˆ
x
pi )
2 = (Uˆypi )
2 =
(Uˆzpi)
2 = 1ˆ and Uˆxpi Uˆ
y
pi = Uˆ
z
pi . Therefore {1ˆ, Uˆxpi , Uˆypi , Uˆzpi} form the Klein four-
group, which is isomorphic to the Z2 × Z2 group.
(II) This proof does not need the translational, space inversion, and time
reversal symmetries.
[Corollary 1] For the SL half-integer case,
Uˆxpi Uˆ
y
pi Uˆ
z
pi = −1. (112)
and (Uˆxpi )
2 = (Uˆypi )
2 = (Uˆzpi)
2 = −1, since each of the eigenvalues SˆxT , SˆyT , SˆzT is
half-integer.
Therefore {±1ˆ,±Uˆxpi ,±Uˆypi ,±Uˆzpi} form the quaternion group.
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B Translation and twisting operator
[Lemma 2 ]
Uˆ tw2pilUˆtrl = UˆtrlUˆ
tw
2pil exp
(
2piil
L
(SˆzT − SL)
)
, (113)
Uˆ twl2pil Uˆtrl = UˆtrlUˆ
twl
2pil exp
(
2piil
L
(SˆzT − SL)
)
(l : integer). (114)
[Proof]
Uˆ †
trl
Uˆ tw2pilUˆtrl = exp
(
−2piil
L
L∑
j=1
j(Sˆzj+1 − S)
)
= exp
(
−2piil
L
(
L∑
j=2
(j − 1)(Sˆzj − S) + L(SˆzL+1 − S)
))
= Uˆ tw2pil exp
(
2piil
L
(SˆzT − SL)
)
exp(−2piil(Sˆz1 − S)), (115)
where we have used SˆzL+1 = Sˆ
z
1 . Since the eigenvalue of Sˆ
z
1 − S is an integer,
we obtain Eq. (113). Similarly, we obtain Eq. (114).
C Time reversal operator
[Lemma 3 ]
Uˆx,y,zpi Kˆ = KˆUˆ
x,y,z
pi . (116)
[Proof]
Kˆ†Uˆx,y,zpi Kˆ = Kˆ
†
(
∞∑
n=0
[{pii
L∑
j=1
(Sˆx,y,zj )}n/n!]
)
Kˆ
=
∞∑
n=0
[{−pii
L∑
j=1
(−Sˆx,y,zj )}n/n!] = Uˆx,y,zpi . (117)
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[Lemma 4 ] For the SL integer case,
Uˆ tw2pilKˆ = (−1)2SlKˆUˆ tw2pil, (118)
Uˆ twl2pilKˆ = KˆUˆ
twl
2pil (l : integer). (119)
[Proof]
Kˆ†Uˆ tw2pilKˆ = Kˆ
†
(
∞∑
n=0
[{−2piil
L
L∑
j=1
j(Sˆzj − S)}n/n!]
)
Kˆ
=
∞∑
n=0
[{2piil
L
L∑
j=1
j(−Sˆzj − S)}n/n!]
= exp
(
−2piil
L
L∑
j=1
j(Sˆzj − S)
)
exp
(
−2piil
L
2S
L∑
j=1
j
)
= exp(−2piilS(L+ 1))Uˆ tw2pil = (−1)2SlUˆ tw2pil, (120)
where we have used the condition SL: integer. Similarly, we calculate
Kˆ†Uˆ twl2pilKˆ = exp(−2piilSL)Uˆ twl2pil = Uˆ twl2pil . (121)
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